We report on the generation of equi-intense light beams from an adaptive point of view. A phase mask is generated and displayed onto a spatial light modulator, in order to divide an incoming light beam into a chosen number of beams. The use of liquid crystal spatial light modulators can introduce polarization into scalar designs as a parameter acting on the output efficiency. We reproduce the modulator optimal designs proposed theoretically in the literature and we add the polarization features. In addition, we compare this with another beam splitting technique, based on spatial multiplexing of phase masks. It spreads as low-level background noise the light concentrated on diffraction orders other than those targeted. We also demonstrate that using polarization with spatial light modulators can improve in some cases the optimal theoretical efficiencies. Experimental results agree with simulations.
Introduction
Light addressing and splitting are among the most used functions of diffractive optical elements (DOEs). Over the years, researchers have proposed techniques to distribute an input light beam in N separate beams. Such beam splitters find their application in optical fiber connectors, optical communications, optical image multiplications, spectroscopy and many others [1] . Optical tweezers also use beam splitting to trap simultaneously a certain number of cells, as reported in [2] .
Two aspects are relevant when splitting a beam, the overall efficiency (defined as the sum of the normalized intensities of each outgoing light beam [3] ) and the intensity ratio between the output beams. Most of the existing techniques allow different intensities on each beam, although equi-intense beams are often considered. A trivial example of N = 1 are standard blazed gratings, where the single deflected beam is obtained with an ideal 100% efficiency. Well-known examples of light splitting are duplicators (N = 2) and triplicators (N = 3), where light is split into two or three beams, respectively, as used for instance in CD and DVD tracking [4] . The binary π -phase grating has been demonstrated to be the scalar duplicator with the maximum overall efficiency η = 8/π 2 [5] . In the early 1970s, Dammann et al developed a method to design binary π-phase gratings that create arbitrary N uniformly intense diffraction orders [6] . The Dammann grating producing a triplicator (N = 3) has an overall efficiency η = 0.92. Gori et al reported the analytical derivation of the continuous phase profile needed to obtain an optimum scalar triplicator. It led to a maximum overall efficiency of η = 0.926 [5] , which was very near to the upper bound stated in [7] . In the early 1990s, Prongué et al proposed a kinoform optimization that led to continuous volume gratings to produce N fan-out elements [8] . Using that method, uniform outgoing beams with high efficiencies can be obtained. A clear summary of the first works in this field can be found in [9] . The method proposed in [8] was extended by Romero and Dickey [10] , with some differences on the approach but with nearly the same results. They generalized the methods of the triplicator design in [5] for arbitrary N. The same authors apply their solution to square and hexagonal 2D gratings [11] . These methods are reviewed in [12] .
The fabrication of diffractive gratings is based on many different techniques [13] [14] [15] . Optimal scalar gratings have been reported at industrial level by Miklyaev et al [16] . However, they have not been reproduced with spatial light modulators (SLMs), which are nowadays a meaningful alternative for beam splitting. Although the theoretical efficiencies would be reduced due to the SLM pixelated structure, these devices offer some advantages since they are reconfigurable. Also, it is important to note that liquid crystal SLMs (LC-SLMs) are usually polarization sensitive. That feature must be considered when dealing with diffraction efficiencies. For instance, in a parallel-aligned liquid crystal display (PAL-LCD), such as the one used in this work, the displayed phase mask only modulates the electric field component parallel to the liquid crystal (LC) director axis. The component perpendicular to the LC director is not modulated, thus contributing to the zeroth diffraction order. Therefore, light in higher diffraction orders is linearly polarized parallel to the LC director axis. Examples of SLM beam splitting applications have been reported. In [17] , a polarization beam splitter displayed onto a SLM was used to create an off-axis duplicator, where the zeroth and first diffraction orders had equal intensity but different polarization. Similarly, the generation of an off-axis triplicator was demonstrated in [18] , where the zeroth and second order had orthogonal polarizations and the first order was elliptically polarized. This was obtained by using a reflective optical architecture that required a double pass through a modulator. These are particular cases of polarization diffraction gratings, a type of element that periodically modifies the state of polarization. Considering the electromagnetic nature of light, such polarization diffraction gratings with subwavelength periods have been designed as a triplicator with theoretical efficiencies of 100% [19] .
Another alternative for beam splitting consists of using random mask encoding techniques, where each pixel randomly displays the phase of one of the multiplexed diffractive element. Whereas optimal grating designs can be fabricated with bulk materials [16] , the use of SLMs makes possible the spatial multiplexing of phase gratings, which is difficult to generate with other techniques. Random multiplexing of diffractive elements was proposed by Davis et al [20] to generate multifocal diffractive lenses. Since then, it has been applied to a variety of DOEs, including diffractive lenses with extended depth of focus [21] , multiple optical traps [2] or computer-generated holograms [22] .
In this paper, we demonstrate the realization of grating beam splitters onto SLMs and we compare the performances of some of the above-mentioned techniques. While optimal designs show better diffraction efficiency, multiplexed phase profiles eliminate unwanted high diffraction orders (so-called ghost orders). This is especially interesting in the case of the duplicator, since it reproduces the Fresnel biprism and it can be applied for interferometric purposes. In all cases, we show how the non-diffracted polarization component can be used to contribute to the zeroth order, in some cases leading to an improved overall efficiency.
The paper is organized as follows. In section 2, we present the techniques to be encoded on the SLM, giving the principles of those found in the literature and describing the random multiplexing technique. The role of polarization is discussed as well. Section 3 is devoted to simulations, whereas section 4 discusses the experimental results. Conclusions are given in section 5.
Beam splitting techniques

Optimal beam splitting
Among the previously mentioned studies on optimal beam splitting, the work done by Romero and Dickey [10] [11] [12] provides an extensive study. In [10] , the goal consists of finding a phase-only function exp[iφ(x)] that produces a set of diffraction orders with a defined relative intensity (usually selected to be equal), with the maximum overall efficiency. Let a k represent the kth Fourier coefficient of exp[iφ(x)],
Following [12] , the optimal phase function can be found as
where α and μ are two sets of optimization parameters α k and μ k , which represent the phase and amplitude of each component of the function s(x, α, μ) respectively, i.e.
The overall diffraction efficiency can be defined as
The problem is solved when the phase φ(x) that maximizes η is obtained, constrained to a certain relative proportion among the intensities |a k | 2 of the target orders (the diffractive orders that constitute N). For the sake of simplicity, we focus on equi-intense fan-out beams. The optimal solution is reached in two steps. First, the phases α k associated to the kth orders are computationally sought to maximize η, regardless of the intensities |a k | 2 , i.e. μ k = 1 is selected in this first step. Second, the amplitudes μ k are added as variables in order to obtain diffracted orders with the same intensity. Although the phase values obtained in the first step are sometimes equivalent to those obtained in the second step, they may vary, but they serve as an initial guess for the algorithm to find the optimal solution.
The solution of this problem generates N = 2m + 1 diffracted orders if N is odd, and N = 2m diffracted orders if N is even. If the designed beam splitter is symmetric, the optimal solution can be assumed to be symmetric as well, so that α k = α −k and μ k = μ −k . This reduces the number of parameters to be determined and thus the Figure 1 . Scheme of the technique used to generate a multiplexed duplicator with random binary amplitude masks. ±φ(x) represent the two opposite signed linear phases yielding the two diffraction orders; A andĀ represent two complementary binary random amplitude masks. associated computational effort. Although an asymmetric optimal solution could exist for a symmetric problem, the best solution under the symmetry assumption still provides properly high efficiencies. Moreover, it was demonstrated that the first α k and μ k could be fixed to 0 and 1, respectively [10] . Different cases and their corresponding values can be found in [12] . For instance, the optimal triplicator with target orders 0 and ±1 is given by [10] tan[φ(x)] = 2μ cos(x) with μ ≈ 1.32859,
in agreement with the optimal design first presented in [5] .
Beam splitting by multiplexed phase masks
Another option to generate the same type of grating beam splitters that can be easily implemented in SLMs is the random multiplexing technique. For simplicity, the process is introduced for two-profiles multiplexing and it will be extended later to multiplex N phase profiles. Let us consider a matrix D of n × m elements
where each d xy is a discrete random variable in the range [a, b] with uniform probability distribution. To multiplex two phase profiles, we can define an amplitude mask as a binary amplitude random array A(x, y) as
where x and y correspond here to the spatial coordinates of the SLM pixels and β is the threshold value that weights the distribution of each amplitude value. Different weights can be applied to each amplitude value by adjusting the value of β. The condition for an even amplitude distribution among the pixels in A(x, y) is
Once the amplitude random mask is obtained, it is multiplied by one of the phase profiles to be multiplexed. The second phase profile is multiplied by the complementary binary amplitude random arrayĀ(x, y) (which is simply an exchange of 0 by 1 and vice versa at each pixel). The sum of both products results in the randomly multiplexed phase mask (x).
In the case of grating beam splitters, the phase masks to be multiplexed correspond to linear phase patterns (blazed gratings). For instance, the symmetrical duplicator can be simply created by randomly multiplexing two opposite continuous phase ramps, i.e. two opposite blazed gratings, defined as exp[±i2πx/p], where p is the period of the grating. This is illustrated in figure 1 , where two periods of the blazed gratings are shown. The resulting phase-only mask can be expressed as
If condition (8) is satisfied, two equally intense ±1 diffraction orders are generated. Note that this duplicator follows the idea of the Fresnel biprism, where the bases of two equal prisms are brought together forming an isosceles triangle shape in order to create two opposite continuous phase changes. When a plane wavefront enters the biprism, each prism will refract half of the incoming light if the beam is well centered, creating two separate virtual coherent images of the original source. Such biprisms are used in, e.g. stereoscopic cameras [22] . Here, as the patterns to be multiplexed are basically gratings extended all over the image, it prevents us from needing a precisely centered beam as with a bulk Fresnel biprism. As mentioned, a binary π -phase grating can reproduce these effects with optimal overall efficiency. However, a certain light intensity appears concentrated on ghost diffraction orders. By spatial multiplexing, a quasi-pure duplicator with a low amount of background noise is obtained, as we show in the following sections.
The process can be extended to multiplex more phase profiles by dividing the range [a, b] in N subintervals and defining different random amplitude masks as
In theory, N phase profiles should be multiplexed to split a beam into N beams. Therefore q max = N − 1 must be set. Similarly as in (7), if the subintervals are equally distributed in the range [a, b] , each phase profile will have the same weight, i.e. the number of pixels corresponding to each phase profile after multiplexing will be the same. It must be noted that the more phase profiles multiplexed, the lower the overall efficiency.
In [2] , this method was applied to multiplex phase profiles and generate multiple optical traps. Here, we apply the same concept and we multiplex blazed gratings in order to generate grating beam splitters. By properly setting the period of the blazed gratings, one can reach as many fan-out elements as desired. Subsequently, perfectly symmetric beam splitting can be easily obtained. Similarly, the period provides the degree of freedom to create and control asymmetry when needed. Moreover, spatial multiplexing linked to the SLM adaptive properties opens a wide range of degrees of freedom. As an example, 2D spatial offset of the beams can be achieved by just introducing both x and y spatial coordinates in the phase ramp definition.
It is important to note that, although elements could be fairly freely placed in the Fourier plane, the highest efficiencies are obtained around the optical axis. This is due to the fact that the farther the element diffracts from the zeroth order, the shorter the period of its associated grating. It implies a loss of resolution in the phase ramp due to quantization. If L is the number of phase levels, the maximum efficiency of a blazed grating is limited by [23] sin
Nevertheless, this effect can be partially compensated with the proper selection of the values β k in equation (10) to change the weight of each order.
Control of the zeroth order by polarization
The use of LC-SLMs adds the polarization state as an additional parameter to be considered. We deal here with a PAL-LCD. If the input polarization is linear and oriented parallel to the LC director axis, this SLM acts as a scalar diffractive element capable of reproducing phase masks, since this polarization state is fully modulated. However, if the input polarization is different, non-modulated light is sent towards the zeroth order. Thus, the intensity of the latter (and subsequently its absence) can be controlled by properly adjusting the polarization state of the input beam. With our symmetric beam splitting approach, the presence or absence of the zeroth order is the key to switch from an even to an odd number of beams. By rotating the input linear polarization an angle θ with respect to the LC director axis, a fraction sin 2 θ of the incoming intensity is not modulated and it is thus directed to the zeroth diffraction order, whilst a fraction cos 2 θ is fully modulated, in accordance with scalar diffraction efficiency (equation (4)). A grating beam splitter can be designed without zeroth diffraction order (thus providing more efficiency to the rest of the orders) and the angle θ can be found so that the zeroth order has the same intensity as the rest of target orders. This is obtained by setting
where η/N is the efficiency of a single fan-out element of the split beam. Subsequently, the zeroth order has orthogonal polarization with respect to the side orders. This odd N generation can be extended to optimal beam splitter generation, as will be shown. Additionally, polarization is a very efficient way to generate the zeroth order when using multiplexed phase masks. It reduces the amount of background noise and the efficiency is obviously higher than multiplexing an additional phase profile to generate the zeroth order. Moreover, the main interest of polarization control lies in rapid switching between even N and N + 1. For instance, ferroelectric liquid crystal modulators can be used to switch between polarization states much faster than switching phase profiles on the LC screen [24] .
Simulations
Prior to testing the ability of SLMs for beam splitting purposes, we simulated the configurations in order to establish some parameters, such as the expected overall efficiencies α k and μ k , of the optimal solutions to be tested, and the angle θ to generate an odd N by polarization. The Fourier transform of the designed phase-only masks is calculated and the profile of the diffracted orders normalized intensity pattern is reproduced in each case.
Figures 2(a) and (b) compare the diffraction order profiles generated by a binary π-phase-only grating, i.e. the optimal duplicator (figure 2(a)) and the random duplicator ( figure 2(b) ). As is shown for the π-phase binary grating, the zeroth order vanishes and most of the intensity (81%) is found at the ±1st orders, but also higher odd orders present a considerable intensity (e.g. |a ±3 | 2 = 0.046). When the spatial multiplex is used, higher orders are fully eliminated, but this occurs at the expense of decreasing the overall efficiency due to the appearance of low background noise. This is due to the effect of the random amplitude mask [25] . To notice the noise, a logarithmic scale must be applied to the zoomed representation (inset of figure 2(b) ).
In figures 2(c)-(f), we reproduce the simulation results for differently generated triplicators. When the optimal scalar triplicator (equation (5)) is considered ( figure 2(c) ), the efficiency is the highest, η = 0.926. Additional diffraction orders are present, having the most intense efficiencies at |a ±2 | 2 = 0.02. If the triplicator is generated by the random multiplexed method, the efficiency decreases to η = 0.340, but in exchange the ghost orders intensity is again spread into background noise and only three main spots are relevant ( figure 2(d) ). The average noise intensity is around 1 × 10 −10 , with maximum peaks around 8 × 10 −9 . This efficiency can be much improved, up to η = 0.602, if the multiplexed duplicator is turned into a triplicator by polarization ( figure 2(e) ). This is obtained by rotating the input polarization by θ = 26.61
• . This triplicator still shows no ghost orders while providing a considerable increase of efficiency compared to figure 2(d) . Finally, an intermediate case is obtained when an optimal duplicator (the π -phase grating in figure 2(a) ) is similarly turned into a triplicator by polarization ( figure 2(f) ). The input polarization is now rotated by θ = 32.48 • and the efficiency is η = 0.827. Ghost orders are more intense in this case than in figure 2(c) . However, they appear at higher indices (k = ±3, ±5, . . .). Table 1 summarizes the simulated overall efficiencies of each case up to N = 11 for optimal and multiplexed phase masks. In the optimal solutions, Table 1 gives the values of α k and μ k calculated in our conditions as well. When N > 7, the multiplexing technique offers too low efficiency to be considered as a relevant choice. Table 1 also lists the overall efficiency for odd N when it is generated with an optimal solution for even N and the zeroth order is generated by polarization rotation. Note that the optimal efficiencies in table 1 are slightly different to those found in the literature. This is mainly due to two reasons. First, our simulations take into account quantization, present when SLMs are used. Namely, each 2π period is assumed in steps of 255 values to match the typical gray-scale used to address SLMs. Second, and especially relevant for even number of elements N, the target orders considered here are different. It is usual to consider equidistant-spot beam splitters, so that light appears in the k = ±1, ±3, ±5, . . . orders. As our aim is using them as the basis for beam splitters with odd numbers of elements, it is more convenient to have light appearing in consecutive orders, i.e. k = ±1, ±2, ±3, . . . . Therefore, when the zeroth order is present, all orders are equidistant. From the results in table 1 it can be concluded that optimal designs give, as expected, the highest efficiencies. Let us remark that a situation where the highest efficiency is not obtained by the optimal scalar beam splitter is possible. The optimal N = 4 grating plus the additional zeroth order by polarization gives higher efficiency than the optimal N = 5 grating. Since the optimal α k and μ k are the result of a numerical computation, the algorithm could converge to a local maximum instead of a global maximum. Although the efficiencies obtained by optimal gratings plus polarization are lower, the difference is noticeable only at the second decimal position. In applications where efficiency is not a critical parameter, the zeroth order obtained by polarization could be preferred, since it has the added value of providing fast switching between even N and N + 1.
Experimental realization
The setup used in the experiments is shown in figure 3 . A parallel-aligned reflective Hamamatsu LCOS-SLM X10468-01 series acts as a programmable waveplate. The SLM is illuminated with a tunable Ar laser emitting at a wavelength λ = 514 nm. The SLM is adjusted to produce a maximal phase modulation of 2π at the operating wavelength. A CCD camera with a resolution of 1392 pixels × 1040 pixels (Basler scA1390-17fc) is used to capture the images of the far field diffraction pattern. Prior to illuminating the SLM, the laser light is expanded with a spatial filter and collimated with a lens. An input linear polarizer is placed right before the SLM. Polarization is controlled by rotating the input linear polarizer an angle θ with respect to the LC director axis. Figure 4 shows the Fourier plane experimental images of the simulated configurations up to N = 7. Two options are displayed, the optimal design and the multiplexed design. For odd N, an additional case is the optimal mask for even N plus the zeroth order introduced by polarization rotation. Table 2 lists the calculated angles θ to obtain odd N by polarization, both using optimal encoding and spatial multiplexing. For the image acquisition, the minimum input intensity is set to I in = 1 a.u. to achieve good visibility of the diffracted orders with the optimal gratings. Note that I in must be increased by the factor marked in figure 4 to achieve comparable spot intensities when displaying the multiplexed profiles on the SLM. The results in the first and second columns for optimal encodings show how the light not contributing to target orders appears in ghost orders, e.g. k = ±3 for N = 2, k = ±2 for N = 3, k = ±4 for N = 5 or the zeroth order for N = 6. When beam splitting is obtained by random multiplexing, some noise can be noticed if the intensity is very high, as in N = 4 and 6. As an example, experiments revealed overall experimental efficiencies η = 0.47 for the multiplexed duplicator encoding and η = 0.58 when adding the zeroth order by polarization, these values being very close to the simulations. Note that the SLM pixelated structure introduces additional efficiency losses. These experimental values are normalized to the intensity going onto the zeroth diffraction order generated by the 2D SLM pixel matrix, which acts as a diffractive grid.
Beam splitters
Prism analogies
Since duplicator and triplicator configurations are most commonly used, let us focus on them in this subsection to show some of the additional features that their realization with SLMs offer. We will deal with those obtained by random spatial multiplexing since the presence of ghost orders strongly affects interference fringes.
These elements basically reproduce refractive prisms. For instance, the duplicator can be considered equivalent to a Fresnel biprism. But the realization with SLMs offers some relevant advantages. When using the random multiplexing technique, the two linear phase patterns (blazed gratings) are extended all over the display and prevent a precise centering. The generated first orders have the same intensity and they are symmetric with respect to the absent zeroth central order. Figures 5(a) and (b) show the images of both the duplicator and triplicator configurations and a scheme of the equivalent refractive prism.
As an example of the versatility offered by their implementation in SLMs, we multiplexed the duplicator phase profile with a 90 • rotation of itself, thus creating a pyramid-like prism. Bulk versions of this pyramid-like prism are used, for instance, in pyramid wavefront sensors [26] and in pyramid phase microscopy [27] . These pyramids are analogous to a four sector phase mask, each of them with a blazed grating. Figure 5(c) shows the experimental generation of these four orders. Similarly, we rotated the input polarization θ = 13.3 • to allow some light to go to the zeroth order and an equi-intense five-spot distribution was obtained ( figure 5(d) ). A few periods of the phase gratings encoded onto the SLM for all four cases in figures 5(a)-(d) are represented in figures 5(e) and (f). Note that optimal designs for these two-dimensional gratings are also provided in [11] , although we present here the results with the multiplexing method for simplicity.
Fresnel biprisms find applications in interferometry. Here, we use the multiplexed duplicator analog of the biprism where the SLM adaptability provides additional performance compared to glass biprisms. This is shown in figure 6 , where the focusing lens was removed, the camera was located in a plane closer to the SLM and a low spatial frequency duplicator was displayed. The light beam presents the interferometric pattern characteristic of a Fresnel biprism. This SLM-based biprism has additional features. Let us now consider a situation where one of the two blazed gratings is fixed, whereas the other one is spatially displaced in the direction of the phase variation. Each displacement step is equivalent to adding a constant phase to the blazed grating, i.e. a displacement of the interference fringes after the biprism. The bulk version of the biprism would require an additional piece If now we rotate the input polarization by the angle θ to produce the polarization triplicator, three-beam interference can be produced. However, as the polarization of the +1 and −1 diffraction orders is perpendicular to the polarization of the zeroth order, an analyzer must be placed after the SLM and oriented at 45 • with respect to the LC director axis. Figure 7 shows the patterns captured by the camera as the analyzer is rotated, together with the associated intensity profile. Figure 7 (a) reproduces the duplicator scheme since the analyzer is parallel to the LC director, and therefore the zeroth order is not transmitted. In figure 7(b) , the analyzer is rotated to be perpendicular to the LC director axis and thus only the zeroth order is transmitted and the interference disappears. If the analyzer is removed, both previous patterns with orthogonal polarizations incoherently overlap ( figure 7(c) ), resulting in the two-beam interference pattern with additional background light. Finally, in figure 7(d) , the analyzer is set at 45 • with respect to the LC director axis, all three beams are projected in this polarization axis with equal intensity and the three-beam interference occurs.
Conclusions
In conclusion, we have analyzed different ways to generate grating beam splitters onto liquid crystal SLMs. We have experimentally implemented optimal designs onto SLMs and compared them with random multiplexed methods. The first show optimal diffraction efficiency but ghost orders are also present. The second type is valid when a low number of beams is required. Although less efficient, light on the ghost orders is distributed as some background noise. We have also included the polarization control over the zeroth order, since we employ a parallel-aligned liquid crystal SLM. The use of such devices makes it possible to introduce new optimal designs where the zeroth order is absent in the scalar grating, but it is included by rotation of the input polarization. This technique provides fast switching from an even number of target orders N to N + 1. Polarization control of the zeroth order in some cases increases the efficiency over the theoretical optimal values. Following the principle of a Fresnel biprism and multiplexing two phase masks onto a SLM we have reproduced interferometric patterns. The reconfigurable characteristic of the SLM is shown to be valuable for interferometry. Experimental results have been presented in all cases, including various optimal designs.
